In this paper, a computational technique is presented based on a concrete plasticdamage model to investigate the effect of FRP strengthening of reinforced concrete arches. A plastic-damage model is utilized to capture the behavior of concrete. The interface between the FRP and concrete is modeled using a cohesive fracture model. In order to validate the accuracy of the damage-plastic model, a single element is employed under the monotonic tension, monotonic compression, and cyclic tension loads. An excellent agreement is observed between the predefined strain-stress curve and those obtained from the numerical model. Furthermore, the accuracy of the cohesive fracture model is investigated by comparing the numerical results with those of experimental data. Finally, in order to verify the accuracy of the proposed computational algorithm, the results are compared with the experimental data obtained from two tests conducted on reinforced concrete arches strengthened with FRP.
Introduction
FRP strengthening of concrete is one the most effective retrofitting methods. In fact, a remarkable development has taken place in retrofitting with the introduction of FRP materials. The unique features of FRP include the high durability against environmental degradation factors, high tensile strength, simple implementation, low weight, and easy transportation. Hence, a great deal of work has been dedicated to investigate the structural retrofit using the FRP materials in the last two decades. Most of the studies have been focused on the beams, columns, flat slabs, and masonry structures, while few studies have been performed on the behavior of FRP strengthening of concrete arches. Since the arch members are utilized in many structures such as bridges, fluid storage tanks, tunnels, and domes, a study of the methods for retrofitting these structures has gained interest, recently.
There are several studies performed on the masonry arches retrofitted with FRP materials that present a significant improvement in structural performance [1, 2] . The effect of FRP strengthening of concrete arch structures was studied by Chen et al. [3] . They experimentally investigated the response of concrete arch structures retrofitted by wrapping FRP carbon sheets subjected to explosive impulses. Hamed et al. [4] studied the performance of a refined concrete arch retrofitted with externally bonded composite materials, and observed that the maximum load increases about 40%. Dagher et al. [5] studied the bending behavior of concrete-filled tubular FRP arches in bridge structures. To improve the strength, stiffness and ductility of reinforced concrete arches, Zhang et al. [6] performed a set of experimental tests to study the behavior of reinforced concrete arches retrofitted with FRP materials.
Characteristics of the concrete plastic behavior cannot be generally described using the classical theory of plasticity. Many attempts have been made to demonstrate the behavior of concrete with the classical theory of plasticity. Feenstra and de Brost [7] proposed two yield criteria to describe the concrete behavior in tension and compression that shows a great agreement with experimental data for the biaxial monotonic loading condition. Červenka and Papanikolaou [8] presented the three-dimensional combined fracture-plastic model for concrete, in which the crack band model was used together with the smeared crack model to capture the fracture in tension. Moreover, the behavior of concrete in compression was captured by the Menetrey-William failure model, which was capable of simulating crushing under high confinement, cracks in concrete, and closure due to crushing in different directions. Recently, a three-invariant cap plasticity model was developed by Khoei and Azami [9] and DorMohammadi and Khoei [10] to describe the plastic deformation of granular materials involving the isotropic-kinematic hardening and associated plasticity flow rule.
Basically, damage happens in the concrete due to micro-cracks; in fact, micro-cracks occur because of thermal expansion at the interface between the cement and aggregate.
Several studies have been carreied out to model the damage in concrete structures. Bažant and Ožbolt [11] proposed a nonlocal micro-plane model for the fracture, damage, and size effect in concrete structures. Voyiadjis and Abu-Lebdeh [12] presented a damage model based on the bounding surface concept for concrete behavior. The combined plastic-damage model has been used by researchers to capture the stiffness degradation of concrete, in which the damage variables are assumed according to the plastic deformation in a constitutive formulation to calibrate parameters with experimental data. In the plastic-damage model, the irreversible plastic phenomenon can be modeled using the concept of plasticity in the effective stress space, while the stiffness degradation can be captured using the continuum damage mechanics. Lubliner et al. [13] and Yazdani and Schreyer [14] presented a combined plastic-damage mechanics model for plain concrete. Kattan and Voyiadjis [15, 16] proposed a coupled theory of damage mechanics and finite strain elasto-plasticity. Lee and Fenves [17] described a plastic-damage model for concrete based on the concept of fracture-energy and stiffness degradation under cyclic loading. Faria et al. [18] presented a strain-based plastic viscous-damage model for massive concrete structures. Salari et al. [19] proposed a triaxial constitutive model for elastoplastic behavior of geomaterials that captures tensile damage.
Since the behavior of concrete is different in tension and compression, different damage models are required for each type of loading; however, some studies only consider one damage variable for different loading conditions [20, 21] . On the other hand, it is important to model the concrete damage using two separate damage variables for tension and compression Due to beneficial characteristics of FRP materials, as well as the ease of implementation of these materials in architectural elements, an investigation on the behavior of reinforced concrete arch structures strengthened with FRP materials is worthwhile. To this end, both the experimental and numerical investigations are required to obtain the behavior of FRP strengthening on concrete arch structures. In this study, a computational technique is presented based on the plastic-damage model to investigate the effect of FRP strengthening on concrete arches. A plastic-damage model is utilized to capture the behavior of concrete.
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The interface between the FRP and concrete is modeled using a cohesive fracture model. To validate the accuracy of the concrete model, a single element is considered and is subjected to monotonic tension, monotonic compression, and cyclic tension loads. A good agreement is observed between the predefined strain-stress curve and the strain-stress curve obtained from the numerical analysis. Furthermore, the accuracy of the interface model is investigated by comparing the results with the experimental data. In order to verify the computational model of the arch, the experimental data of two tests conducted on concrete arches strengthened with FRP are utilized.
Plastic-Damage Model for Concrete
In this study, the plastic-damage model originally proposed by Lubliner et al. [13] and Lee and Fenves [17] and then employed by Nguyen and Houlsby [21, 22] is employed, in which the plastic-damage model is developed on the basis of thermo-dynamical approach. The strain tensor  is decomposed into the elastic part 
where 0 E is the undamaged elastic-stiffness modulus. Considering the non-associated flow rule, the strain rate
where  denotes the plastic consistency parameter which is a non-negative function and Φ is a scalar plastic potential function. Moreover, the damage variable k is required to represent the damage states variable as
The damage model
In order to represent the tensile and compressive damages for concrete material two damage variables are defined. These damage variables have values between zero to one for covering the range from undamaged to completely damaged concrete. In the Barcelona model introduced by Lubliner et al. [13] , the uniaxial stress is defined as a function of the plastic strain, i.e.
where a and b are dimensionless constants and 0 f is the initial yield stress. Consider an exponential form for the degradation
The effective stress can be written as
in which the damage variable for the uniaxial loading is denoted by k , defined as
where g is defined as
in which the quantity is the dissipated energy density during the forming of microcracking [17] . Substituting equation (5) into (9), the relation between g , a , and b can be defined as
The uniaxial stress can be defined in term of k by combining equations (8) and (10) as
Moreover, the effective stress can be expressed in terms of damage variable as
Hence, D can be defined as
By taking derivative from equation (8), the damage evolution equation for the uniaxial state can be written as
To convert damages from a uniaxial damage evolution to a multi-axial damage evolution, plastic strain rate is calculated from the following equation:
where  is the Kronecker delta, min 
where 
The plasticity model and hardening functions
The yield criterion is the most important part of the plasticity model. The yield criterion is employed to model the behavior of concrete under the tensile and compressive loadings.
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Implementation of similar behavior of tension and compression in concrete leads to an unrealistic plastic deformation [13] . In this study, the yield criterion introduced originally by Lubliner et al. [13] and then modified by Lee and Fenves [17] is proposed. The yield function is defined in the effective stress space using the undamaged configuration parameters as
where 1 I is the first invariant and 2 J is the second invariant of the effective deviatoric stress tensor, respectively. In above,  and  are dimensionless constants, in which  depends on the ratio of yield strength under the biaxial and uniaxial compression, defined as The biaxial tensile strength depends on the parameters  and  and is always slightly lower than the uniaxial tensile strength.
The flow rule is defined based on the relation between the plastic flow direction and the plastic strain rate. In this study, a non-associative flow rule is required to control the dilatancy in modeling the frictional behavior of material. Hence, a plastic potential function which is the type of Drucker-Prager yield criteria is utilized as 
Cohesive Fracture Model for FRP Interface
In the cohesive fracture model, it is assumed that the fracture process zone extends along the crack faces, while in the linear elastic fracture model the fracture occurs at the crack tip tT  , where ji T is the constitutive tangent stiffness tensor of cohesive fracture [29, 30] . In this study, the delamination model proposed by Turon et al. [31] is utilized based on the continuum damage model. The free energy can be defined per unit area of the crack interface as 
The damage criterion and damage evolution law
The damage criterion can be defined as a function of the displacement separation as
where d is the damage threshold and G is a function of damage evolution which is defined in the range of [0, 1] as
Depending on the definition of damage, the damage evolution can be given by 
The damage initiates when the effective separation Δ e exceeds the initial damage threshold. Now, it is required to define an evolution law for the damage model. The evolution law can be defined as where  is defined as the damage consistency parameter that should satisfy the loadingunloading conditions, i.e.
   
In order to derive the constitutive tangent stiffness tensor, the damage model is implemented through a nonlinear approach. Taking the derivative from equation (27) 
Numerical Simulation Results

Validation of the plastic-damage model for concrete
In order to verify and validate the performance of the proposed plastic-damage model for the 
Validation of the cohesive fracture model for debonding
In order verify the cohesive interface model proposed between the FRP and concrete, the results of the debonding test reported by Au and Büyüköztürk [33] is compared with those obtained using the cohesive interface model. The cohesive model is employed along the interface between the FRP and concrete through the FE analysis. The material properties of the concrete and FRP as well as the inteface between the FRP and concrete are obtained from the experimental test. In Figure 3 , the setup of experimental test is presented together with the interface fracture characterization of debonding in FRP plated concrete. In Figure 4 , a comparison of the force-displacement curves is performed between the experimental and numerical results. It clearly shows that the cohesive interface model can properly capture the interface behavior between the FRP and concrete. The difference between two diagrams in the softening part of the force-displacement curve can be attributed to the lack of uniformity of the adhesive thickness and the presence of air bubbles.
Numerical and experimental investigations of concrete arch
In order to illustrate the performance of the proposed computational algorithm, the two desired concrete arches strengthened with FRP are analyzed numerically and the results are compared with the experimental tests; the first experiment was conducted by Zhang et al. [6] and the second experiment was conducted by the authors at the Sharif University of
Technology. In order to present the accuracy of the proposed computational algorithm, the force-displacement curves obtained from the finite element analysis are compared with those reported through the experimental tests. The reinforced concrete arch is modeled using the four-noded bilinear element and the rebar is modeled using a two-noded beam element. The rebars are connected to the concrete using the embedded technique inside the element.
In the first case, the concrete arch strengthened with internal FRP, originally conducted by Zhang et al. [6] , is modeled using the proposed computational algorithm, as shown in Figure   5 . In this figure, the concrete arch specimen is shown together with the geometry, boundary conditions and the FE mesh of the concrete arch. It was observed from the experimental investigation that the cracks are first initiated in the middle of the span and then propagated by increasing the load through the shoulders. It was also observed that a five-hinged arch is formed where the structure becomes unstable. It is interesting to highlight that the five-hinged structure was also detected through the numerical analysis of the concrete arch. In Figure 6 , a comparison of the force-displacement curves is performed between the experimental and numerical results; it clearly demonstrates that the proposed computational algorithm can properly capture the behavior of the concrete arch. Obviously, a slight difference can be seen between the numerical analysis and experimental data at the beginning of the loading, which is due to the local splitting of the sample at the time of the sitting of the sample, which cannot be modeled in the numerical model. Furthermore, the numerical analysis demonstrates the higher strength compared to the experiment which can be described due to uncertainties in the properties of the materials utilized in the laboratory and also because of the reduced concrete stress in high strains. According to the results, it can be concluded that the numerical analysis adequately shows a good agreement with those of experiment.
In the second case, the concrete arch strengthened with the internal and external FRP that was experimentally conducted by the authors at the Sharif University of Technology is modeled, as shown in Figure 7 . and 8(b) illustrates that the proposed computational algorithm can be used accurately to capture the crack trajectories. In Figure 9 , the force-deflection curves are plotted for the experiment and numerical model, which are in a good agreement.
Conclusion
In the present paper, a computational technique is presented based on the plastic-damage model to investigate the effect of FRP strengthening on concrete arches. A plastic-damage model is utilized to capture the behavior of concrete. The interface between the FRP and concrete is modeled using a cohesive fracture model. In order to validate the accuracy of the concrete model, a single element is considered and is subjected to monotonic tension, monotonic compression, and cyclic tension loads. A good agreement is observed between the predefined strain-stress curve and the strain-stress curve obtained from the numerical 
